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Abstract
We show that a sequence {Φn} of quantum channels strongly converges to a
quantum channel Φ0 if and only if there exist a common environment for all the
channels and a corresponding sequence {Vn} of Stinespring isometries strongly
converging to a Stinespring isometry V0 of the channel Φ0.
We also give a quantitative description of the above characterization of the
strong convergence in terms of the appropriate metrics on the sets of quantum
channels and Stinespring isometries. As a result, the uniform selective continu-
ity of the complementary operation with respect to the strong convergence is
established.
We show discontinuity of the unitary dilation by constructing a strongly con-
verging sequence of channels which can not be represented as a reduction of a
strongly converging sequence of unitary channels.
The Stinespring representation of strongly converging sequences of quantum
channels allows to prove the lower semicontinuity of the entropic disturbance as
a function of a pair (channel, input ensemble). Some corollaries of this property
are considered.
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1 Introduction
The Stinespring theorem provides a characterization of quantum channels – completely
positive trace-preserving linear maps between Banach spaces of trace-class operators
[1]. It implies that any quantum channel Φ from a quantum system A to a quantum
system B can be represented as
Φ(ρ) = TrEVΦρV
∗
Φ , (1)
where VΦ is an isometrical embedding of the input Hilbert space HA into the tensor
product of the output Hilbert space HB and some Hilbert space HE typically called
environment [2, 3].
It is natural to explore continuity of the representation (1) with respect to appropri-
ate metrics (topologies) D and D′ on the sets of quantum channels and corresponding
Stinespring isometries. Since the map Φ 7→ VΦ is multivalued, the question of its
continuity should be formulated in the following form: is it possible to find for any
ε > 0 such δ > 0 that for any channels Φ and Ψ δ-close w.r.t the metric D there exist
corresponding Stinespring isometries VΦ and VΨ ε-close w.r.t. the metric D
′? This
question can be also formulated in terms of sequences of channels {Φn} converging
w.r.t. the metric D and corresponding sequences of selective Stinespring isometries
{VΦn} converging w.r.t. the metric D′.
If D and D′ are, respectively, the diamond-norm metric on the set of quantum
channels and the operator-norm metric on the set of isometries then the above con-
tinuity question is completely solved by Kretschmann, Schlingemann and Werner in
[5, 6]. They have shown that
1
2
‖Φ−Ψ‖⋄ ≤ inf ‖VΦ − VΨ‖ ≤
√‖Φ−Ψ‖⋄ (2)
for any channels Φ and Ψ, where the infimum is over all the isometries VΦ and VΨ from
common Stinespring representations of these channels.
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The diamond-norm metric is widely used as a measure of distinguishability between
finite dimensional quantum channels [3, Ch.9],[7]. But the topology (convergence)
generated by the diamond-norm metric on the set of infinite-dimensional quantum
channels is generally too strong for analysis of real variations of such channels [8, 9].
In this case it is natural to use the substantially weaker topology of strong convergence
on the set of quantum channels defined by the family of seminorms Φ 7→ ‖Φ(ρ)‖1,
ρ ∈ S(HA) [10]. The strong convergence of a sequence {Φn} of channels to a channel
Φ0 means that
lim
n→∞
Φn(ρ) = Φ0(ρ) for all ρ ∈ S(HA). (3)
In this paper we present a modification of the Kretschmann-Schlingemann-Werner
theorem for the strong convergence topology on the set of quantum channels and the
strong operator topology on the set of Stinespring isometries. This modification is
based on using the energy-constrained Bures distance between quantum channels in-
troduced in [12] and the operator E-norm generating the strong operator topology on
bounded subsets of B(H) (introduced in Section 3).
The modified version of the Kretschmann-Schlingemann-Werner theorem allows to
obtain a characterization of the strong convergence of quantum channels in terms of
the Stinespring representation. It states, roughly speaking, that the strong convergence
of a sequence {Φn} of quantum channels is equivalent to the strong (operator) conver-
gence of a corresponding sequence {VΦn} of selective Stinespring isometries. We also
obtain a characterization of the strong convergence of quantum channels in terms of the
Kraus representation and prove the uniform selective continuity of the complementary
operation Φ 7→ Φ̂ with respect to the strong convergence of quantum channels.
By using the Stinespring representation (1) it is easy to show that any quantum
channel Φ can be represented as a reduction of some unitary (reversible) evolution of
a larger quantum system. In the case A = B this means that
Φ(ρ) = TrEUΦρ⊗ σ0U∗Φ,
where σ0 is a pure state in S(HE) and UΦ is a unitary operator on HAE [2, 3, 13].
We analyse the question of selective continuity of the multivalued map Φ 7→ UΦ w.r.t.
given metrics (topologies) on the sets of quantum channels and of unitary operators.
By using the Kretschmann-Schlingemann-Werner result mentioned above we prove
the selective continuity of the map Φ 7→ UΦ w.r.t. the diamond norm metric on the
set of quantum channels and the operator norm metric on the set of unitary operators
(Proposition 3). It means that any sequence of quantum channels converging w.r.t.
the diamond norm can be represented as a reduction of a sequence of unitary channels
converging w.r.t. the diamond norm.
In the case of strong convergence topologies we show discontinuity of the map
Φ 7→ UΦ by constructing a strongly converging sequence {Φn} of channels with Choi
rank 2 which can not be represented as a reduction of a strongly converging sequence of
unitary channels (Corollary 3). This discontinuity means that some strongly converging
sequences of channels have no sense within the standard interpretation of a channel as
a reduced unitary evolution of a larger system.
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The obtained characterization of the strong convergence in terms of the Stinespring
representation can be applied to continuity analysis of different entropic and informa-
tion characteristics of quantum channels. In the last section of the paper we use it
to prove the lower semicontinuity of the entropic disturbance as a function of a pair
(channel, input ensemble) w.r.t. the strong convergence of channels and the weak
convergence of ensembles. This result is derived from the lower semicontinuity of the
entropic disturbance as a function of an input ensemble established in [14].
The lower semicontinuity of the entropic disturbance is used to prove the closedness
of the set of all quantum channels reversible with respect to a given family of input
states. It also implies continuity properties of the output Holevo quantity of a quantum
channel and of a complementary channel which can be treated as stability of this
quantities with respect to all physical perturbations of a channel.
2 Preliminaries
Let H be a separable Hilbert space, B(H) the algebra of all bounded operators on H
with the operator norm ‖ · ‖ and T(H) the Banach space of all trace-class operators on
H with the trace norm ‖·‖1. Let S(H) be the set of quantum states (positive operators
in T(H) with unit trace) [2, 3].
Denote by IH the unit operator on a Hilbert space H and by IdH the identity
transformation of the Banach space T(H).
The Bures distance between quantum states ρ and σ is defined as
β(ρ, σ) =
√
2
(
1−
√
F (ρ, σ)
)
, (4)
where F (ρ, σ) = ‖√ρ√σ‖21 is the fidelity of ρ and σ [2, 3]. The following relations
between the Bures distance and the trace-norm distance hold
1
2
‖ρ− σ‖1 ≤ β(ρ, σ) ≤
√‖ρ− σ‖1. (5)
The von Neumann entropy H(ρ) = Trη(ρ) of a state ρ ∈ S(H), where η(x) =
−x log x if x > 0 and η(0) = 0, is a concave nonnegative lower semicontinuous concave
function on the set S(H) [2, 15].
The quantum relative entropy for two states ρ and σ in S(H) is defined as
H(ρ‖σ) =
∑
i
〈i| ρ log ρ− ρ log σ |i〉,
where {|i〉} is the orthonormal basis of eigenvectors of the state ρ and it is assumed
that H(ρ‖σ) = +∞ if the support of ρ is not contained in the support of σ [2, 15].1
If quantum systems A and B are described by Hilbert spaces HA and HB then the
bipartite system AB is described by the tensor product of these spaces, i.e. HAB .=
1The support of a positive operator is the orthogonal complement to its kernel.
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HA ⊗ HB. A state in S(HAB) is denoted by ρAB, its marginal states TrBρAB and
TrAρAB are denoted, respectively, by ρA and ρB (here and in what follows TrX denotes
the partial trace TrHX over the space HX).
A quantum channel Φ from a system A to a system B is a completely positive
trace preserving linear map from T(HA) into T(HB) [2, 3]. For any quantum channel
Φ : A→ B the Stinespring theorem implies existence of a Hilbert space HE and of an
isometry VΦ : HA → HB ⊗HE such that
Φ(ρ) = TrEVΦρV
∗
Φ , ρ ∈ T(HA). (6)
The space HE is called environment, its minimal dimension is called Choi rank of the
channel Φ [2, 3].
In finite dimensions (i.e. when dimHA and dimHB are finite) the distance between
quantum channels from A to B generated by the diamond norm
‖Φ‖⋄ .= sup
ρ∈S(HAR)
‖Φ⊗ IdR(ρ)‖1 (7)
of a Hermitian-preserving superoperator Φ : T(HA)→ T(HB), where R is any system,
is widely used as a measure of distinguishability between these channels [3, 7, 16]. It
is topologically equivalent to the Bures distance
β(Φ,Ψ) = sup
ρ∈S(HAR)
β(Φ⊗ IdR(ρ),Ψ⊗ IdR(ρ)) (8)
between quantum channels Φ and Ψ, where β(·, ·) in the r.h.s. is the Bures distance
between quantum states defined in (4) and R is any system. This metric is related to
the notion of operational fidelity for quantum channels introduced in [4]. It is studied
in detail in [5, 6]. In particular, it is shown in [6] that the Bures distance (8) can be
also defined as
β(Φ,Ψ) = inf ‖VΦ − VΨ‖, (9)
where the infimum is over all common Stinespring representations
Φ(ρ) = TrEVΦρV
∗
Φ and Ψ(ρ) = TrEVΨρV
∗
Ψ.
It follows from definitions (7),(8) and the relations in (5) that
1
2
‖Φ−Ψ‖⋄ ≤ β(Φ,Ψ) ≤
√‖Φ−Ψ‖⋄
for any channels Φ and Ψ. By representation (9) this implies the relations (2) which
show the selective continuity of the Stinespring representation w.r.t. the diamond-norm
topology on the set of quantum channels and the operator-norm topology on the set
of Stinespring isometries.
The topology (convergence) generated by the diamond-norm on the set of infinite-
dimensional quantum channels is too strong for analysis of real variations of such
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channels: there are infinite-dimensional channels with close physical parameters such
that the diamond-norm distance between them is equal to 2 [9]. In this case it is
natural to use the (substantially weaker) strong convergence (3) of quantum channels
studied in detail in [10, 11].
Let HA be any unbounded densely defined positive (semidefinite) operator on HA
having discrete spectrum of finite multiplicity and E0 is the minimal eigenvalue of HA.
It is shown in [8] that the strong convergence of quantum channels is generated by any
of the energy-constrained diamond norms
‖Φ‖E⋄ .= sup
ρ∈S(HAR),TrHAρA≤E
‖Φ⊗ IdR(ρ)‖1, E > E0. (10)
of a Hermitian-preserving superoperator Φ : T(HA)→ T(HB), where R is any system.
These norms are independently introduced in [9], where a detailed analysis of their
properties are presented.2 The energy-constrained diamond norms turned out to be a
useful tool for quantitative continuity analysis of basic capacities of energy-constrained
infinite-dimensional channels [8, 9, 12]. These norms are also used in study of quantum
dynamical semigroups [9, 18, 19].
3 Norms on B(H) generating the strong operator
topology on bounded subsets of B(H).
In this section we consider norms on B(H) generating the strong operator topology on
bounded subsets of B(H), in particular, on the unit ball of B(H).
Let H be any positive (semidefinite) densely defined operator on H and E0 =
inf
‖ϕ‖=1
〈ϕ|H|ϕ〉. For given E > E0 consider the function on B(H) defined as
‖A‖E .= sup
ρ∈S(H),TrHρ≤E
√
TrAρA∗ (11)
(the supremum is over quantum states ρ satisfying the inequality TrHρ ≤ E).
Proposition 1. The function A 7→ ‖A‖E defined in (11) is a norm on B(H). For
any given operator A ∈ B(H) the following properties hold:
a) ‖A‖E tends to ‖A‖ as E → +∞;
b) the function E 7→ ‖A‖2E is concave and nondecreasing on (E0,+∞);
c) ‖Aϕ‖ ≤ Kϕ‖A‖E for any unit vector ϕ in H with finite Eϕ .= 〈ϕ|H|ϕ〉, where
Kϕ = 1 if Eϕ ≤ E and Kϕ =
√
(Eϕ − E0)/(E −E0) otherwise.
2Slightly different energy-constrained diamond norms are used in [17].
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Proof. Almost all assertions of the proposition can be easily derived from definition
(11).
To prove the inequality ‖A + B‖E ≤ ‖A‖E + ‖B‖E one should take for given
arbitrary ε > 0 a state ρ such that ‖A + B‖E ≤
√
Tr|A+B|2ρ + ε and TrHρ ≤ E.
Then, by using the spectral decomposition of ρ, basic properties of the norm in H and
the Cauchy-Schwarz inequality it is easy to show that√
Tr|A+B|2ρ ≤
√
Tr|A|2ρ+
√
Tr|B|2ρ ≤ ‖A‖E + ‖B‖E.
To prove property c) take any unit vector ϕ ∈ H with finite Eϕ and arbitrary
ε > 0. Let ρ = (1 − K−2ϕ )|φε〉〈φε| + K−2ϕ |ϕ〉〈ϕ|, where φε is a vector in H such that
〈φε|H|φε〉 ≤ E0 + ε. Then TrHρ ≤ E + ε and hence
K−1ϕ ‖Aϕ‖ ≤
√
TrAρA∗ ≤ ‖A‖E+ε.
By passing to the limit ε→ 0+ we obtain the required inequality. 
The norm ‖ · ‖E defined in (11) will be called the operator E-norm. We will essen-
tially use the following
Proposition 2. If H is an unbounded densely defined positive operator on H having
discrete spectrum {Ek}k≥0 of finite multiplicity and E > E0 then the operator E-norm
‖ · ‖E generates the strong operator topology on bounded subsets of B(H).
Proof. The set of vectors ϕ in H with finite Eϕ .= 〈ϕ|H|ϕ〉 is dense in H. So, by
using property c) in Proposition 1 it is easy to show the strong convergence of any
sequence {An} ⊂ B(H) to an operator A0 ∈ B(H) provided that ‖An − A0‖E tends
to zero as n→ +∞ and supn ‖An‖ < +∞.
To prove the converse implication note that the assumed properties of the operator
H guarantee, by the Lemma in [20], the compactness of the subset CH,E of S(H)
determined by the inequality TrHρ ≤ E . So, the supremum in definition (11) is
attained at some state ρ(A) ∈ CH,E . Assume that {An} is a sequence in B(H) strongly
converging to an operator A0 ∈ B(H) such that supn ‖An‖ =M < +∞ and ‖An−A0‖E
does not tend to zero as n → +∞. Denote the state ρ(An − A0) by ρn. By passing
to a subsequence we may assume that ‖An − A0‖E ≥ ε for some positive ε and all n
and that the sequence {ρn} converges to some state ρ0 ∈ CH,E (by the compactness of
CH,E). We have
‖An −A0‖2E = Tr|An −A0|2ρ0 + Tr|An − A0|2(ρn − ρ0)
≤ Tr|An − A0|2ρ0 + 4M2‖ρn − ρ0‖1.
By using the spectral decomposition of ρ0 it is easy to show that the first term in
the r.h.s. of this inequality tends to zero as n → +∞. This contradicts the above
assumption. 
The following assertions are easily proved by using definition of the norm ‖ · ‖E .
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Lemma 1. A) For arbitrary operators A and B in B(H) the following inequalities
hold
m(A)‖B‖E ≤ ‖AB‖E ≤ ‖A‖‖B‖E,
where m(A) is the infimum of the spectrum of the operator |A| = √A∗A.
B) For arbitrary operators A and B in B(H) such that 〈Aϕ|Bϕ〉 = 0 for any ϕ ∈ H
the following inequalities hold
max{‖A‖E , ‖B‖E } ≤ ‖A+B‖E ≤
√
[‖A‖E]2 + [‖B‖E]2.
4 The Kretschmann-Schlingemann-Werner theorem
and its generalizations.
The selective continuity of the Stinespring representation w.r.t. the diamond-norm
topology on the set of quantum channels and the operator-norm topology on the set of
Stinespring isometries is shown by Kretschmann, Schlingemann and Werner in [5, 6].
Theorem 1 in [6] (stated in the operator algebras settings) implies that
1
2
‖Φ−Ψ‖⋄ ≤ inf ‖VΦ − VΨ‖ ≤
√
‖Φ−Ψ‖⋄ (12)
for any channels Φ and Ψ, where the infimum is over all common Stinespring represen-
tations
Φ(ρ) = TrEVΦρV
∗
Φ and Ψ(ρ) = TrEVΨρV
∗
Ψ. (13)
Inequalities (12) are proved in [6] by showing that the infimum in (12) coincides with
the Bures distance β(Φ,Ψ) defined in (8).
To obtain a generalization of the Kretschmann-Schlingemann-Werner theorem (the
KSW-theorem in what follows) consider the energy-constrained Bures distance
βE(Φ,Ψ) = sup
ρ∈S(HAR),TrHAρA≤E
β(Φ⊗ IdR(ρ),Ψ⊗ IdR(ρ)), E > E0, (14)
between quantum channels Φ and Ψ from A to B induced by a positive operator HA on
the space HA treated as a Hamiltonian of the input system A (here R is an infinite-
dimensional quantum system and E0 is the infimum of the spectrum of HA). This
distance is topologically equivalent to the distance induced by the energy-constrained
diamond norm (10), it is introduced in [12] for quantitative continuity analysis of infor-
mation characteristics of energy-constrained infinite-dimensional channels. Properties
of the energy-constrained Bures distance are presented in Proposition 1 in [12]. In
particular, it is shown in [12] (by modifying the arguments from the proof of Theorem
1 in [6]) that
βE(Φ,Ψ) = inf sup
ρ∈S(HA),TrHAρ≤E
√
Tr(VΦ − VΨ)ρ(V ∗Φ − V ∗Ψ), (15)
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where the infimum is over all common Stinespring representations (13), and that this
infimum is attainable.
The operator E-norms introduced in Section 3 are obviously generalized to operators
between different Hilbert spaces. By using these norms and representation (15) one
can obtain the following E-version of the KSW-theorem and its modifications.
Theorem 1. Let HA be an unbounded densely defined positive operator on a Hilbert
space HA having discrete spectrum {Ek}k≥0 of finite multiplicity, E > E0, ‖ · ‖E⋄ the
energy-constrained diamond norm defined in (10), βE the energy-constrained Bures
distance defined in (14) and ‖ · ‖E the operator E-norm defined in (11) with H = HA.
A) For any quantum channels Φ and Ψ from A to B the following relations hold
1
2
‖Φ−Ψ‖E⋄ ≤ βE(Φ,Ψ) = inf
VΦ,VΨ
‖VΦ − VΨ‖E ≤
√
‖Φ−Ψ‖E⋄ , (16)
where the infimum is over all common Stinespring representations (13). This infimum
is attainable.
B) For a given quantum channel Φ from A to B there exist a separable Hilbert space
HE and a Stinespring isometry VΦ : HA → HBE of this channel with the following
property: for any quantum channel Ψ from A to B there is a Stinespring isometry
VΨ : HA → HBE of Ψ such that
‖VΦ − VΨ‖E = βE(Φ,Ψ).
C) If VΦ : HA → HBE is the operator from a given Stinespring representation of a
quantum channel Φ then
inf
VΨ
‖VΦ − VΨ‖E ≤ 2βE(Φ,Ψ) (17)
for any quantum channel Ψ from A to B with the Choi rank not exceeding dimHE,
where the infimum is over all Stinespring representations of Ψ with the same environ-
ment space HE.
Proof. A) The equality in (16) is the representation (15) rewritten by using the
operator E-norms. The inequalities in (16) follow from the definitions (10) and (14)
and the inequalities in (5).
B) Assume that VΦ is the isometry from any Stinespring representation (6) with
infinite-dimensional space HE . Let V˜Φ be the isometry from HA into the space
HB ⊗ (H1E ⊕H2E) = (HB ⊗H1E)⊕ (HB ⊗H2E),
where H1E and H2E are copies of HE , defined by setting V˜Φ|ϕ〉 = VΦ|ϕ〉 ⊕ |0〉 for any
ϕ ∈ HA.
Since any separable Hilbert space can be isometrically embedded into HE , we may
assume that any channel Ψ from A to B has a Stinespring representation with the same
environment space HE . Denote by VΨ a given Stinespring isometry of the channel Ψ in
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this representation. The arguments from the proof of Proposition 1 in [12] (obtained
by simple modification of the proof of Theorem 1 in [6]) show that
βE(Ψ,Φ) = inf
C∈B1(HE)
‖V˜ CΨ − V˜Φ‖E = ‖V˜ C0Ψ − V˜Φ‖E (18)
for some C0 ∈ B1(HE), where B1(HE) is the unit ball of B(HE) and V˜ CΨ : HA →
HB ⊗ (H1E ⊕H2E) is the Stinepring isometry of the channel Ψ defined by setting
V˜ CΨ |ϕ〉 = (IB ⊗ C)VΨ|ϕ〉 ⊕
(
IB ⊗
√
IE − C∗C
)
VΨ|ϕ〉
for any ϕ ∈ HA (we assume here that the isometry VΨ acts from HA to HB ⊗H2E and
the contraction C acts from H2E to H1E). This implies assertion B of the theorem with
the isometry V˜Φ in the role of VΦ.
C) Since any k-dimensional Hilbert space can be isometrically embedded into HE
provided that k ≤ dimHE , we may assume that any channel Ψ with the Choi rank
not exceeding dimHE has a Stinespring representation with the same environment
space HE. By repeating the arguments from the proof of assertion B we construct
the operators V˜Φ and V˜
C0
Ψ . Assume first that the operator C0 is nondegenerate, i.e.
kerC0 = {0}. Let U be the isometry from the polar decomposition of C0, i.e. C0 =
U |C0|. Since ‖V˜ C0Ψ − V˜Φ‖E = βE(Ψ,Φ), it follows from Lemma 1B that
‖(IB ⊗C0)VΨ− VΦ‖E ≤ βE(Ψ,Φ) and
∥∥∥(IB ⊗√IE − |C0|2)VΨ∥∥∥
E
≤ βE(Ψ,Φ) (19)
Hence the triangle inequality and Lemma 1A imply that
‖(IB ⊗ U)VΨ − VΦ‖E ≤ ‖(IB ⊗ C0)VΨ − VΦ‖E
+‖(IB ⊗ C0)VΨ − (IB ⊗ U)VΨ‖E ≤ βE(Ψ,Φ) + ‖IB ⊗ (IE − |C0|)VΨ‖E .
(20)
Since C0 is a contraction, by using Lemma 1A and the second inequality in (19) we
obtain
‖IB⊗(IE−|C0|)VΨ‖E ≤ ‖IB⊗(IE−|C0|2)VΨ‖E ≤ ‖IB⊗
√
IE − |C0|2VΨ‖E ≤ βE(Ψ,Φ).
Thus, it follows from (20) that ‖(IB ⊗ U)VΨ − VΦ‖E ≤ 2βE(Ψ,Φ). Since U is an
isometry, (IB ⊗ U)VΨ is a Stinespring isometry for Ψ.
To omit the assumption kerC0 = {0} it suffices to show that the infimum in (18)
can be taken over the subsetBn1(HE) ofB1(HE) consisting of nondegenerate operators.
Since Bn1(HE) is dense in B1(HE) in the weak operator topology, this can be easily
done by noting that
‖V˜ CΨ − V˜Φ‖E = sup
ρ∈S(HA),TrHAρ≤E
√
2− 2ℜTrV ∗Φ(IB ⊗ C)VΨρ
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and by using compactness of the set of states ρ in S(HA) satisfying the inequality
TrHAρ ≤ E [20]. 
Remark 1. The assumption that HA is an unbounded positive operator having
discrete spectrum of finite multiplicity is used only in the proof of part C of Theorem
1. So, parts A and B of this theorem are valid for any positive densely defined operator
HA and E > E0 = inf
‖ϕ‖=1
〈ϕ|HA|ϕ〉. If HA = IA and E > 1 then part A of Theorem
1 is the standard KSW-theorem while part B is its strengthened version adapted for
analysis of uniformly converging sequences of quantum channels (see Remark 2 below).
5 Characterization of the strong convergence in terms
of the Stinespring and Kraus representations.
Theorem 1 in Section 4, Proposition 3 in [8] and Proposition 2 in Section 3 imply the
following characterisation of the strong convergence of quantum channels in terms of
their Stinespring’s representations.
Theorem 2. Let HA be an unbounded densely defined positive operator on a Hilbert
space HA having discrete spectrum {Ek}k≥0 of finite multiplicity, E > E0, ‖ · ‖E⋄ the
energy-constrained diamond norm defined in (10), βE the energy-constrained Bures
distance defined in (14) and ‖ · ‖E the operator E-norm defined in (11) with H = HA.
A) If a sequence of isometries Vn : HA → HBE .= HB ⊗ HE strongly converges to an
isometry V0 : HA → HBE then the sequence of channels Φn(ρ) = TrEVnρV ∗n strongly
converges to the channel Φ0(ρ) = TrEV0ρV
∗
0 and
1
2
‖Φn − Φ0‖E⋄ ≤ βE(Φn,Φ0) ≤ ‖Vn − V0‖E ∀n.
B) If a sequence of quantum channels Φn : A → B strongly converges to a quantum
channel Φ0 : A → B then there exist a separable Hilbert space HE and a sequence of
isometries Vn : HA → HBE strongly converging to an isometry V0 : HA → HBE such
that Φn(ρ) = TrEVnρV
∗
n for all n ≥ 0 and
‖Vn − V0‖E = βE(Φn,Φ0) ≤
√
‖Φn − Φ0‖E⋄ ∀n.
If V0 : HA → HBE0 is a given Stinespring isometry for Φ0, where HE0 is an infinite-
dimensional Hilbert space, then for any ε > 0 there exists a sequence of isometries
Vn : HA → HBE0 strongly converging to the isometry V0 such that Φn(ρ) = TrE0VnρV ∗n
and
‖Vn − V0‖E ≤ 2βE(Φn,Φ0) + ε ≤ 2
√
‖Φn − Φ0‖E⋄ + ε ∀n. (21)
If the Choi rank of all the channels Φn does not exceed m < +∞ then the above
assertion is valid provided that dimHE0 ≥ m.
Factor ”2” and the arbitrarily small summand ε in (21) is a cost of the possibility to
take the sequence {Vn} of Stinespring isometries representing the sequence {Φn} that
strongly converges to a given Stinespring isometry V0 : HA →HBE0 of the channel Φ0.
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Proof. Assertion A follows directly from the first inequality in (16), Proposition 3B
in [8] and Proposition 2 in Section 3.
To prove B note that for any sequence of quantum channels Φn : A → B strongly
converging to a channel Φ0 : A → B Theorem 1B implies existence of a separable
Hilbert space HE , a sequence of isometries Vn : HA → HBE and an isometry V0 :
HA →HBE such that Φn(ρ) = TrEVnρV ∗n and ‖Vn−V0‖E = βE(Φn,Φ0) for all n ≥ 0.
So, the second inequality in (16), Proposition 3B in [8] and Proposition 2 in Section 3
show the strong convergence of the sequence {Vn} to the isometry V0.
The last assertion of B is proved similarly by using Theorem 1C. 
The Stinespring representation (6) implies that any quantum channel Φ : A → B
has the Kraus representation
Φ(ρ) =
m∑
i=1
AiρA
∗
i ,
where {Ai}mi=1 is a collection of linear operators from HA to HB such that
∑m
i=1A
∗
iAi =
IA and m = dimHE ≤ +∞ [2, 3, 13]. Theorem 2 implies the following necessary and
sufficient conditions of the strong convergence of quantum channels in terms of their
Kraus representations.
Corollary 1. A) Let {{Ani }n}mi=1 be a set of m ≤ +∞ sequences of linear operators
from HA to HB such that s- lim
n→∞
Ani = A
0
i for each i = 1, m and
∑m
i=1[A
n
i ]
∗Ani = IA
for all n ≥ 0. The sequence of channels Φn(ρ) =
∑m
i=1A
n
i ρ[A
n
i ]
∗ strongly converges to
the channel Φ0(ρ) =
∑m
i=1A
0
iρ[A
0
i ]
∗.
B) Let {Φn} be a sequence of quantum channels from A to B strongly converging to a
quantum channel Φ0 and m the maximal Choi rank of all the channels Φn, n ≥ 0, if
it is finite and m = +∞ otherwise. There exists a set {{Ani }n}mi=1 of m sequences of
linear operators from HA to HB such that Φn(ρ) =
∑m
i=1A
n
i ρ[A
n
i ]
∗ for all n ≥ 0 and
s- lim
n→∞
Ani = A
0
i for each i = 1, m.
If Φ0(ρ) =
∑m0
i=1A
0
i ρ[A
0
i ]
∗, m0 ∈ [m,+∞], is a given Kraus representation of Φ0
then there exists a set {{Ani }n}m0i=1 of m0 sequences of linear operators from HA to HB
such that Φn(ρ) =
∑m0
i=1A
n
i ρ[A
n
i ]
∗ for all n and s- lim
n→∞
Ani = A
0
i for each i = 1, m0.
Proof. A) Assume that {τi}mi=1 is a basic in a m-dimensional Hilbert space HE.
Then Φn(ρ) = TrEVnρV
∗
n for all n ≥ 0, where {Vn} is a sequence of operators defined
by setting Vn|ϕ〉 =
∑m
i=1A
n
i |ϕ〉 ⊗ |τi〉 for any ϕ ∈ HA. Since s- limn→∞Ani = A0i for
all i = 1, m, the sequence {Vn|ϕ〉} weakly converges to the vector V0|ϕ〉. The weak
convergence of this sequence implies its convergence in the norm of HBE , since all the
operators Vn, n ≥ 0, are isometries (this follows from the condition
∑m
i=1[A
n
i ]
∗Ani = IA
for all n). Thus, Theorem 2A implies strong convergence the sequence {Φn} to the
channel Φ0.
B) It suffices to prove the last assertion of B. Let {τi}m0i=1 be a basic inm0-dimensional
Hilbert space HE0 and V0 the isometry from HA to HBE0 defined by setting Vn|ϕ〉 =∑m0
i=1A
0
i |ϕ〉 ⊗ |τi〉 for any ϕ ∈ HA. Theorem 2B implies existence of a sequence
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{Vn} of isometries from HA into HBE0 such that Φn(ρ) = TrEVnρV ∗n for all n and
s- limn→∞ Vn = V0. Let A
n
i be the operator from HA to HB such that 〈ψ|Ani |ϕ〉 =
〈ψ⊗ τi|Vn|ϕ〉 for any ϕ ∈ HA and ψ ∈ HB. Then Φn(ρ) =
∑m0
i=1A
n
i ρ[A
n
i ]
∗ for all n. By
noting that Vn|ϕ〉 =
∑m0
i=1A
n
i |ϕ〉 ⊗ |τi〉 for any ϕ ∈ HA and n it is easy to show that
s- limn→∞A
n
i = A
0
i for each i. 
If a quantum channel Φ : A → B has Stinespring representation (6) then the
quantum channel
T(HA) ∋ ρ 7→ Φ̂(ρ) = TrBVΦρV ∗Φ ∈ T(HE) (22)
is called complementary to the channel Φ [2, Ch.6]. The complementary channel is
uniquely defined up to isometrical equivalence, i.e. if Φ̂′ : A → E ′ is the channel
defined by formula (22) via some other Stinespring isometry V ′Φ : HA → HB ⊗ HE′
then there exists a partial isometry W : HE → HE′ such that Φ̂′(ρ) = W Φ̂(ρ)W ∗ and
Φ̂(ρ) = W ∗Φ̂′(ρ)W for all ρ ∈ S(HA) [21].
Let HA be a positive operator on HA, E > E0 and βE the corresponding energy-
constrained Bures distance defined in (14). It follows from representation (15) that for
any quantum channels Φ and Ψ from A to B one can find complementary channels Φ̂
and Ψ̂ from A to some system E such that3
βE(Φ̂, Ψ̂) ≤ βE(Φ,Ψ).
Theorem 2B implies the following observations which show (due to Proposition 1
in [12]) the uniform selective continuity of the complementary operation Φ 7→ Φ̂ with
respect to the strong convergence of quantum channels.
Corollary 2. Let {Φn} be a sequence of quantum channels from A to B strongly
converging to a quantum channel Φ0 and m the maximal Choi rank of all the channels
Φn if it is finite and m = +∞ otherwise.
A) There exists a sequence {Ψn} of channels from A to some system E strongly
converging to a channel Ψ0 such that Ψn = Φ̂n and βE(Ψn,Ψ0) ≤ βE(Φn,Φ0) for all
n ≥ 0.
B) If Φ̂0 is a given complementary channel to the channel Φ0 acting from A to a
system E0 such that dimHE0 ≥ m then for any ε > 0 there exists a sequence {Ψn} of
channels from A to E0 strongly converging to the channel Φ̂0 such that Ψn = Φ̂n and
βE(Ψn, Φ̂0) ≤ 2βE(Φn,Φ0) + ε ∀n.
Remark 2. Assertion B of Theorem 1 is valid with the energy-constrained Bures
distance βE and the operator E-norm ‖ · ‖E replaced, respectively, by the (uncon-
strained) Bures distance β and the operator norm ‖ · ‖ (see Remark 1). It can be used
to obtain the versions of Theorem 2B and Corollary 2A in which the strong conver-
gences of channels and operators are replaced by the diamond norm and the operator
norm convergences.
3Since a complementary channel is defined up to the isometrical equivalence the quantity βE(Φ̂, Ψ̂)
depends on concrete realizations of the complementary channels Φ̂ and Ψ̂.
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6 On continuity of the unitary dilation
By using the Stinespring representation (6) it is easy to show that any quantum channel
Φ from A to B = A can be represented as
Φ(ρ) = TrEUΦρ⊗ σ0U∗Φ, (23)
where σ0 is a pure state inS(HE) and UΦ is a unitary operator onHAE. Representation
(23) allows to consider any channel from a quantum system A to itself as a reduction
of some unitary (reversible) evolution of the larger quantum system AE [2, 3, 13].
In general case, for a given quantum channel Φ from A to B having representation
(6) one can find such quantum systems D and E ′ that
Φ(ρ) = TrE′UΦρ⊗ σ0U∗Φ, (24)
where σ0 is a pure state in S(HD) and UΦ is a unitary operator from HAD onto HBE′
[2]. In particular, one can take D = BE and E ′ = AE. For an infinite-dimensional
quantum channel Φ with representation (6) such that dim(HBE ⊖ RanVΦ) = +∞ one
can always take E ′ = E. This follows from the fact that any partial isometry W such
that dim kerW = dimkerW ∗ = +∞ can be extended to a unitary operator [22].
Representations (23) and (24) are called unitary dilations of a quantum channel Φ
[2, 23]. Since (23) is a partial case of (24), the latter can be called universal unitary
dilation. In this section we explore selective continuity of the multi-valued map Φ 7→ UΦ
w.r.t. different topologies on the sets of quantum channels and unitary operators.
6.1 Continuity of the unitary dilation w.r.t. the uniform con-
vergence
We show first that the KSW-theorem implies selective continuity of the map Φ 7→ UΦ
w.r.t. the diamond norm metric on the sets of quantum channels and the operator
norm metric on the set of unitary operators.
Proposition 3. For an arbitrary sequence {Φn} of quantum channels from A to
B diamond norm converging to a channel Φ0 there exist quantum systems D and E, a
sequence {Un} of unitary operators from HAD onto HBE norm converging to a unitary
operator U0 : HAD →HBE and a pure state σ0 in S(HD) such that
Φn(ρ) = TrEUnρ⊗ σ0U∗n for all n ≥ 0.
Proof. By using the arguments from the proof of Theorem 1 in [6] one can show
existence of a quantum system E and a sequence {Vn} of isometries from HA into HBE
norm converging to an isometry V0 : HA → HBE such that Φn(ρ) = TrEVnρV ∗n for all
n ≥ 0 (see Remark 2).
Let C and D be infinite-dimensional quantum systems and σ0 = |τ0〉〈τ0|, where τ0
is any unit vector in HD. If we identify the space HA with the subspace HA⊗{cτ0} of
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HAD, then {Vn} is a sequence of partial isometries from HAD to HBEC ∼= HAD norm
converging to the partial isometry V0 such that V
∗
n Vn = V
∗
0 V0 and dimker V
∗
n Vn =
dimker VnV
∗
n = +∞ for all n ≥ 0. So, the existence of the sequence {Un} with the
required properties (with the system EC in the role of E) follows from Lemma 2 below.

Lemma 2. Let {Vn} be a sequence of partial isometries on a separable Hilbert
space H norm converging to a partial isometry V0 such that V ∗n Vn = V ∗0 V0 = P and
dimKerP = dimKerQn ≤ +∞, where Qn = VnV ∗n , for all n ≥ 0. Let U0 be a given
unitary operator such that U0P = V0.
4 Then there exists a sequence {Un} of unitary
operators norm converging to the operator U0 such that UnP = Vn for all n.
Proof. Since all the partial isometries have the same initial space, the sequence
{Wn = VnV ∗0 } consists of partial isometries and norm converges to the projector Q0 =
V0V
∗
0 . Note that WnW
∗
n = Qn and W
∗
nWn = Q0 for all n. Assume that {W¯n} is a
sequence of partial isometries norm converging to the projector R0 = IH − Q0 such
that W¯nW¯
∗
n = Rn
.
= IH−Qn and W¯ ∗nW¯n = R0 for all n. Then the sequence of unitary
operators (Wn + W¯n)U0 has the required property.
The sequence {W¯n} can be constructed as follows. Let Tn = RnR0 and |Tn| =√
R0RnR0. Since the sequence {Rn} norm converges to the projector R0, we may
assume that ‖Rn −R0‖ < 1 for all n. It is easy to see that the last inequality implies
that RanTn = Rn(H) and Ran|Tn| = R0(H). Let W¯n be the partial isometry from the
polar decomposition of Tn, i.e. Tn = W¯n|Tn|, such that RanW¯ ∗n = R0(H). Since the
sequences {Tn} and {|Tn|} norm converges to the projector R0 [22], it is easy to show
that the sequence {W¯n} norm converges to the projector R0 as well. 
6.2 Discontinuity of the unitary dilation w.r.t. the strong
convergence
In this section we show that the map Φ 7→ UΦ is discontinuous in the following sense:
there is a sequence {Φn} of quantum channels strongly converging to a channel Φ0 that
can not be represented in the form (24) with a sequence {UΦn} of unitary operators
strongly converging to a unitary operator UΦ0 . Moreover, this discontinuity can not be
eliminated by making the state σ0 in (24) dependent on a channel Φ.
We will use the following observation in which Φ∗ denotes the dual map to a channel
Φ defined by the relation TrΦ(ρ)B = TrΦ∗(B)ρ for any ρ ∈ S(HA), B ∈ B(HB). The
map Φ∗ is a quantum channel in the Heisenberg picture [2].
Proposition 4. Let {Un} be a sequence of unitary operators from HAD onto HBE
converging to a unitary operator U0 in the strong operator topology and {σn} a sequence
of states in S(HD) converging to a state σ0. Let Φn(ρ) = TrEUnρ⊗σnU∗n be a channel
from A to B for any n ≥ 0. Then the sequence {Φ∗n(B)} converges to the operator
Φ∗0(B) in the strong operator topology for any B ∈ B(HB).
4The existence of such operator is guaranteed by the condition dimKerP = dimKerQ0.
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The condition limn→∞ σn = σ0 is necessary and sufficient for the strong convergence
of the channels ρ 7→ Unρ ⊗ σnU∗n to the channel ρ 7→ U0ρ ⊗ σ0U∗0 (provided that
s- limn→∞ Un = U0).
Proof. Since for any converging sequence of states in S(HD) there is a converging
sequence of purifications in S(HDR), where R is some system, and s- limn→∞Un = U0
implies s- limn→∞ Un ⊗ IR = U0 ⊗ IR, we may assume that the sequence {σn} consists
of pure states. It is easy to see that Φ∗n(B) = TrD[IA ⊗ σn][U∗nB ⊗ IEUn]. So, the
assumed purity of the state σn implies that
Tn
.
= [IA ⊗ σn][U∗nB ⊗ IE Un][IA ⊗ σn] = Φ∗n(B)⊗ σn, n ≥ 0.
Since the sequence {U∗n} strongly converges to the operator U∗0 ,5 the sequence {Tn}
strongly converges to the operator T0. It follows that the sequence {Φ∗n(B)} strongly
converges to the operator Φ∗0(B) as well. 
Corollary 3. There exists a sequence {Φn} of quantum channels from an infinite-
dimensional quantum system to itself strongly converging to a channel Φ0 such that the
channels Φn can not be represented in the form Φn(ρ) = TrEUnρ⊗σnU∗n for all n ≥ 0,
where {Un} is a sequence of unitary operators from HAD onto HBE strongly converging
to a unitary operator U0 and {σn} is a sequence of states in S(HD) converging to a
state σ0.
Proof. Let HA = HB be a separable Hilbert space and H0 an infinite-dimensional
subspace of HA. Let {τi}i∈N be an orthonormal basic in H0 and ψ any unit vector in
H⊥0 . For each n consider the partial isometry
Vn =
∑
i 6=n
|τi〉〈τi|+ |ψ〉〈τn|.
Then V ∗n =
∑
i 6=n |τi〉〈τi|+ |τn〉〈ψ| and hence V ∗n Vn = P0, where P0 =
∑
i |τi〉〈τi| is the
projector on the subspace H0. It is easy to see that
s- lim
n→∞
Vn = P0,
while the sequence {V ∗n } has no limit in the strong operator topology.
The sequence of the channels Φn(ρ) = VnρV
∗
n + P¯0ρP¯0 strongly converges to the
channel Φ0(ρ) = P0ρP0+ P¯0ρP¯0, where P¯0 = IA−P0. It is easy to see that the sequence
{Φ∗n(|ψ〉〈τ1|)} does not converge to the operator Φ∗0(|ψ〉〈τ1|) = 0 in the strong operator
topology. 
This result can be treated as discontinuity of the unitary dilation w.r.t. the strong
convergence topology on the set of quantum channels and the strong operator topology
on the set of unitary operators. Mathematically, this discontinuity is connected with
the discontinuity of the map A 7→ A∗ in the strong operator topology on B(H).
5Here and in what follows we use the continuity of the map A 7→ A∗ in the strong operator topology
on the set of unitary operators [22].
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The discovered discontinuity of the unitary dilation with respect to the strong
convergence has an interesting physical implication described below.
It is known that all the basic topologies on the algebra B(H) excepting the norm
topology coincide on the set of unitary operators [24]. So, the strong convergence
topology on the set of infinite-dimensional unitary channels, i.e. channels of the form
Φ(ρ) = UρU∗, where U is a unitary operator, seems the only reasonable topology on the
set of such channels. Therefore, Corollary 3 states the existence of strongly converging
sequences of quantum channels that has no prototype within the standard interpre-
tation of a channel as a reduced unitary evolution of some larger system (or unitary
transformation between larger systems). This shows that the strong convergence of
quantum channels is too weak for describing physical perturbations of quantum chan-
nels. The weakest type of convergence of quantum channels with respect to which the
unitary dilation is continuous (in the above sense) is considered in [25].
7 Some applications
The representation of strongly converging sequences of quantum channels given by
Theorem 2B is a useful tool for continuity analysis of informational characteristics of
quantum channels w.r.t. the strong convergence.
7.1 Lower semicontinuity of the entropic disturbance w.r.t.
the strong convergence of quantum channels
A finite or countable collection {ρi} of quantum states with a probability distribution
{pi} is called an ensemble and denoted by {pi, ρi}. The state ρ¯ .=
∑
i piρi is called the
average state of the ensemble. We will also use the notion of generalized ensemble as
a Borel probability measure on the set of quantum states, so that previously defined
ensembles correspond to discrete probability measures. We denote by P(H) the set
of all Borel probability measures on S(H) equipped with the topology of weak con-
vergence [26, 27, 28]. The set P(H) can be considered as a complete separable metric
space [27]. The average state of a generalized ensemble µ ∈ P(H) is the barycenter of
the measure µ defined by the Bochner integral
ρ¯(µ) =
∫
S(H)
ρµ(dρ).
The Holevo quantity of a discrete ensemble {pi, ρi} is defined as
χ({pi, ρi}) =
∑
i
piH(ρi‖ρ¯) = H(ρ¯)−
∑
i
piH(ρi), (25)
where H(·) is the von Neumann entropy and H(·‖·) is the quantum relative entropy
(defined in Section 2). The second formula in (25) is valid under the condition H(ρ¯) <
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+∞. This quantity is an upper bound on the classical information which can be
obtained by recognizing the states of an ensemble by quantum measurements [29].
The Holevo quantity of a generalized ensemble µ ∈ P(H) is defined as
χ(µ) =
∫
H(ρ‖ ρ¯(µ))µ(dρ) = H(ρ¯(µ))−
∫
H(ρ)µ(dρ),
where the second formula is valid under the condition H(ρ¯(µ)) < +∞ [28].
For an ensemble µ ∈ P(HA) its image Φ(µ) under a quantum channel Φ : A→ B
is defined as the ensemble in P(HB) corresponding to the measure µ ◦Φ−1 on S(HB),
i.e. Φ(µ)[SB] = µ[Φ
−1(SB)] for any Borel subset SB of S(HB), where Φ−1(SB) is
the pre-image of SB under the map Φ [28]. If µ = {pi, ρi} then Φ(µ) = {pi,Φ(ρi)}.
For a given channel Φ : A→ B and an ensemble µ in P(HA) the monotonicity of
the quantum relative entropy implies that
χ(Φ(µ)) ≤ χ(µ).
Thus, the decrease of the Holevo quantity
∆Φχ(µ)
.
= χ(µ)− χ(Φ(µ))
(called the entropic disturbance in [30, 31]) is a nonnegative function on the set of
generalized ensembles with a finite value of χ(Φ(µ)).
In [14] it is shown that the function µ 7→ ∆Φχ(µ) is lower semicontinuous on the
set {µ ∈ P(HA) |χ(Φ(µ)) < +∞} for any given channel Φ. By using Theorem 2B one
can strengthen this results as follows.
Theorem 3. The function (Φ, µ) 7→ ∆Φχ(µ) is lower semicontinuous on the set
{(Φ, µ) ∈ F(A,B)× P(HA) |χ(Φ(µ)) < +∞},
where F(A,B) is the set of all quantum channels form A to B equipped with the strong
convergence topology.
Theorem 3 states that
lim inf
n→∞
∆Φnχ(µn) ≥ ∆Φ0χ(µ0)
for any sequences {Φn} ⊂ F(A,B) and {µn} ⊂ P(HA) converging, respectively, to a
channel Φ0 and an ensemble µ0 provided that χ(Φn(µn)) < +∞ for all n ≥ 0 (otherwise
∆Φnχ(µn) is not defined).
Proof. Let {Φn} ⊂ F(A,B) and {µn} ⊂ P(HA) be sequences converging, respec-
tively, to a channel Φ0 and an ensemble µ0 such that χ(Φn(µn)) < +∞ for all n ≥ 0.
By Theorem 2B there exist a separable Hilbert space HE and a sequence of isome-
tries Vn : HA → HBE strongly converging to an isometry V0 : HA → HBE such that
Φn(ρ) = TrEVnρV
∗
n for all n ≥ 0. Let νn be the image of the ensemble µn under the
isometric channel ρ 7→ VnρV ∗n for all n ≥ 0. It is easy to see that νn ∈ P(HBE) and
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that χ(νn) = χ(µn) for all n ≥ 0. By using the arguments from the proof of Lemma
1 in [10] one can show the weak convergence of the sequence {νn} to the ensemble
ν0. Denote by Θ the channel TrE(·) from BE to B. Then Φn(µn) = Θ(νn) and hence
∆Φnχ(µn) = ∆
Θχ(νn) for all n ≥ 0. So, by Theorem 1 in [14] (applied to the channel
Θ) we have
lim inf
n→∞
∆Φnχ(µn) = lim inf
n→∞
∆Θχ(νn) ≥ ∆Θχ(ν0) = ∆Φ0χ(µ0). 
Remark 3. Theorem 3 implies, in particular, that for any input ensemble µ with
finite χ(µ) and any C ≥ 0 the set of all quantum channels Φ such that
χ(Φ(µ)) ≥ χ(µ)− C
is closed w.r.t. the strong convergence. This result can be used to show the closedness
of the set of all quantum channels reversible with respect to a given family of input
states.
A quantum channel Φ : A → B is called reversible with respect to a family S of
states in S(HA) if there exists a quantum channel Ψ : B → A such that ρ = Ψ ◦Φ(ρ)
for all ρ ∈ S [32, 33].6
Corollary 4. The set of all quantum channels between quantum systems A and
B reversible w.r.t. a given family S of states in S(HA) is closed w.r.t. the strong
convergence topology.
Proof. Since the reversibility of a channel Φ w.r.t. an uncountable family S is
equivalent to the reversibility of this channel Φ w.r.t. any dense countable subfamily
of S, we may assume that S = {ρi} is a countable set of states. By the Petz theorem
(cf. [34, 35]) a channel Φ is reversible with respect to a family S = {ρi} if and only if
χ({pi,Φ(ρi)}) = χ({pi, ρi})
for any probability distribution {pi} such that χ({pi, ρi}) < +∞ (in particular, for any
probability distribution {pi} with finite Shannon entropy).
Thus, the assertion of the corollary follows from Remark 3 with C = 0. 
7.2 On continuity of the output Holevo quantity of a channel
and of a complementary channel
The Holevo quantity χ(Φ(µ)) of the image of an input ensemble µ under a quantum
channel Φ (in what follows we will call it the output Holevo quantity) plays a basic role
in studying the classical capacity of this channel [2, 3, 20]. In quantitative analysis of
the private classical capacity of a quantum channel it is necessary to deal with the out-
put Holevo quantity a complementary channel, i.e. with the quantity χ(Φ̂(µ)) giving
6This property is also called sufficiency of the channel Φ for the family S [34, 35].
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an upper bound on classical information obtained by eavesdropper [2, 36]. Since differ-
ent realizations of a complementary channel are isometrically equivalent, the quantity
χ(Φ̂(µ)) is uniquely defined for any given channel Φ and input ensemble µ [21].
Theorem 3 and Corollary 2 imply the following continuity condition for the functions
(Φ, µ) 7→ χ(Φ(µ)) and (Φ, µ) 7→ χ(Φ̂(µ)).
Proposition 5. If the function µ 7→ χ(µ) is continuous on a set P0 ⊆ P(HA)
then the functions (Φ, µ) 7→ χ(Φ(µ)) and (Φ, µ) 7→ χ(Φ̂(µ)) are continuous on the set
F(A,B)× P0.
This holds, in particular, if P0 = {µ ∈ P(HA) | ρ¯(µ) ∈ S0}, where S0 is any subset
of S(HA) on which the von Neumann entropy H(ρ) is continuous.
In other words, Proposition 5 states that for any sequence {µn} of ensembles weakly
converging an ensemble µ0 such that
lim
n→∞
χ(µn) = χ(µ0) < +∞ (26)
and arbitrary sequence {Φn} of channels strongly converging to any channel Φ0 we
have
lim
n→∞
χ(Φn(µn)) = χ(Φ0(µ0)) and lim
n→∞
χ(Φ̂n(µn)) = χ(Φ̂0(µ0)).
The last part of Proposition 5 states that condition (26) can be replaced by the more
easily verified condition lim
n→∞
H(ρ¯(µn)) = H(ρ¯(µ0)) < +∞.
Proof. By using Proposition 1 in [28] and the arguments from the proof of Lemma
1 in [10] it is easy to show that (Φ, µ) 7→ χ(Φ(µ)) is a lower semicontinuous function on
the set F(A,B)× P(HA). So, by Theorem 3, all the terms in the l.h.s of the equality
χ(Φ(µ)) + ∆Φχ(µ) = χ(µ)
are lower semicontinuous functions on the set F(A,B) × P0. Hence, the continuity of
χ(µ) on a set P0 implies continuity of χ(Φ(µ)) on the set F(A,B)×P0.
The continuity of the function (Φ, µ) 7→ χ(Φ̂(µ)) on the set F(A,B) × P0 follows
from Corollary 2, since the quantity χ(Φ̂(µ)) does not depend on a realization Φ̂ of a
complementary channel.
To prove the last assertion note that χ(µ)+
∫
H(ρ)µ(dρ) = H(ρ¯(µ)). By Proposition
1 in [28] and the arguments from the proof of the Theorem in [28] all the terms in the
l.h.s of the above equality are lower semicontinuous functions on the set P(HA). Hence,
the continuity of H(ρ) on a set S0 implies continuity of χ(µ) on the set P0 in this case.

Corollary 5. Let µ be an ensemble in P(HA) with finite χ(µ). Then
lim
n→∞
χ(Φn(µ)) = χ(Φ0(µ)) and lim
n→∞
χ(Φ̂n(µ)) = χ(Φ̂0(µ))
for arbitrary sequence {Φn} of channels strongly converging to any channel Φ0.
20
The property stated in Corollary 5 can be treated as stability (robustness) of the
quantities χ(Φ(µ)) and χ(Φ̂(µ)) with respect to all physical perturbations of a channel
Φ. Previously, the similar property was established for other two important char-
acteristics of a channel: the quantum mutual information I(Φ, ρ) and the coherent
information Ic(Φ, ρ) [37, Proposition 10].
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